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Five Short Stories
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This talk describes Direct Simulation Monte Carlo as viewed 
from the perspective of statistical mechanics.
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Calder Hall, UK the world’s first 
commercial nuclear power station (1956)

The Atomic Age

184 inch Cyclotron, Berkeley Lab (1942)

First nuclear reactor: Chicago Pile-1 (1942)

J. Robert Oppenheimer

In the mid-20th century, the world 
entered the Atomic Age.



May Day, Moscow (1960)

The Space Age

Mercury-Redstone 2 
space rocket (1961)

Gemini IV space walk (1965)

Cosmonaut Yuri Gagarin

Sputnik 1 (1957)

Almost simultaneously 
we also entered the 
Space Age…



The Computer Age

MANIAC computer (1952)
ENIAC computer (1945)

Rear Admiral Grace Hopper, 
creator of COBOL

… and the Computer Age.
These three eras were 
scientifically intertwined.



Metropolis Monte Carlo
Atomic / Nuclear
Applications

President Kennedy with 
Edward and Augusta Teller

1953

Particle algorithm to explore equilibrium 
phase space to estimate thermodynamic 
properties, such as equation of state.

No dynamics in Metropolis Monte Carlo 
so it could not calculate transport 
properties, such as viscosity.



Atomic / Nuclear
Applications

Berni Alder, Thomas Wainwright, 
Mary Ann Mansigh
(clockwise, from top)

Molecular Dynamics (MD)

Molecular Dynamics included the effect 
of intermolecular forces (at first only hard 
spheres) on the trajectories of particles.

MD could calculate thermodynamic and
transport properties for fluids at extreme 
pressures and temperatures.

1959



Direct Simulation Monte Carlo
Space / Missile
Applications

1963

G.A. Bird, Phys. Fluids 6, 1518–1519

DSMC was similar to MD but used a 
random collision algorithm instead of 
calculating deterministic trajectories.

Not related to Metropolis MC except that 
events occur by an Accept / Reject process 
(moves in MMC, collisions in DSMC). 

Graeme Bird



DSMC & MD - Brothers Separated at Birth

MD

DSMC

Statistical 
Mechanics

Kinetic 
Theory

Equations of State
Transport coefficients

Molecular Chemistry
Cellular Biology

20th century 21st century

Berni Alder

Graeme Bird
Alder and Bird finally met at the 2000 RGD in Sydney

Hypersonic Flow
Transition Regime

Nanofluidics
Plasma, granular, 

planetary, etc.

20th century 21st century

1959

1963

Common Ground
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Berni Alder & DSMC

Berni Alder

In 1989 I joined the faculty at San Jose State 
University, located in Silicon Valley. 
Met Berni Alder and started working with him 
at the nearby Livermore Lab. 

Alder took an interest in DSMC and we 
eventually published 16 papers, most of 
them on ways to extend the DSMC algorithm.

When I first explained DSMC to Berni he asked, 
“But why does it give the ideal gas law?”

Berni Alder awarded the Boltzmann medal in 2001



MD Equation of State

Molecular dynamics simulations of Alder, Wainwright, 
and Mansigh had measured the equation of state for 
hard spheres and found good agreement with Enskog
theory and Metropolis Monte Carlo results. 

System
Volume

N = 32 particles

𝑝𝑉

𝑁𝑘𝑇
 − 1

The particle diameter, d, is used in DSMC collisions 
yet it does not affect the equation of state.



Pressure

𝑑

Pressure can be defined from the rate at 
which momentum transfer occurs 
normal to a plane.

Kinetic transfer occurs as particles carry 
their momentum across the plane.

Collisional transfer occurs as particles 
on opposite sides exchange momentum.

An ideal gas has only kinetic transfer.

Kinetic

Collisional



Molecular Dynamics Collisions

Θ = ∆𝒗ఈ ȉ 𝒓ఈఉ > 0

𝑝 = 𝑛𝑘𝑇 + ଵ
ଷ 𝑚 Γ Θ

For hard sphere collisions the equation of state is

where is the collision rate and

is the virial, which depends on the 
particle diameter since ఈఉ

𝒓ఈఉ

𝒗ఈ

𝒗ఈ′

∆𝒗ఈ

𝑑

Obtain the equation of state in MD by measuring the collision rate and the virial.

𝛼

𝛽



DSMC Collisions
𝒗ఈ 𝒗ఉ

𝒓ఈఉ

𝒗ఈ

𝒗ఉ

𝒓ఈఉ

In DSMC, collisions occur at a distance however, 
the probability of a collision is independent of the 
particle positions within a collision cell so

The virial contribution to the pressure is zero and 
the equation of state for DSMC is the ideal gas law.

𝒓ఈఉ  = 0 ∆𝒗ఈ ȉ 𝒓ఈఉ = ∆𝒗ఈ  ȉ 𝒓ఈఉ  and

Θ = ∆𝒗ఈ ȉ 𝒓ఈఉ = 0

so

When I told Berni that this was because DSMC solved the Boltzmann 
equation he said, “The Boltzmann equation is inconsistent!”

Equivalent DSMC collisions
within a collision cell

𝛼

𝛼

𝛽

𝛽



CBA Collisions

Before After

The Consistent Boltzmann Algorithm 
(CBA) is identical to DSMC except that 
collisions change both the velocities 
and the positions of colliding particles.

Direction is along the apse line (line between their centers) for 
a hard sphere collision with the same change in the velocity. 

Before

After

𝒓ఈ
ᇱ =  𝒓ఈ + 𝑑 ∆𝒗ෝఈ 𝒓ఉ

ᇱ =  𝒓ఉ − 𝑑 ∆𝒗ෝఈ 

F. Alexander, A. Garcia, and B. Alder, Phys. Rev. Lett. 74 5212 (1995)
A. Garcia, W. Wagner, J. Stat. Phys. 101 1065 (2000)

After computing the post-collision velocities, shift the positions as



Non-ideal Pressure in CBA

Measurements of the pressure 
in CBA are in very good 
agreement with hard sphere 
kinetic theory and molecular 
dynamics measurements.

Also get good results for the 
transport coefficients, namely 
viscosity, thermal conductivity, 
and diffusion coefficient.

F. Alexander, A. Garcia, and B. Alder
Phys. Rev. Lett. 74 5212 (1995)

Pressure

Ideal gas

Density
n* = n d3

Enskog

CBA



Consistent Universal Boltzmann Algorithm (CUBA)

F. Alexander, A. Garcia, and B.J. Alder, Physica A 240 196 (1997)
A. Garcia, F. Alexander and B. Alder, J. Stat. Phys. 89 403 (1997)
N. Hadjiconstantinou, A. Garcia, and B.J. Alder, Physica A 281 337-47 (2000)

Making CBA displacement a function 
of density and temperature allows you 
to choose the equation of state.

Using van der Waals EoS we were able 
to simulate the condensation of vapor 
into liquid droplets.

Vapor condensation into a droplet
Density contours

t = 2 t = 100

t = 300 t = 5000



Enskog DSMC

A. Frezzotti, Phys. Fluids 9 1329 (1997)
J. Montanero, A. Santos, Phys. Fluids 9 2057(1997)
A. Donev, B. Alder, A. Garcia, J. Stat. Mech. 2009.11 P11008 (2009)

CBA mantra: Collisions affect particle positions
Enskog mantra: Particle positions affect collisions

The most popular variants of DSMC for dense gases are based 
on the Enskog equation instead of the Boltzmann equation.

The correct virial is obtained by having a collision 
probability that depends on both the relative velocity 
and the relative position for a particle pair.

Unlike CBA these can recover the correct 
pair correlation function in a dense gas.
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Cell size & Time step - 1976
In his first book Bird wrote:

“the results are remarkably insensitive … and no 
deleterious effects are generally present … if the 
cell size approaches the mean free path or if the 
time step approaches the mean collision time.”

Program in his book sets collision cell size = ½ mean free path 
and time step = 1/5 mean free time.



Testing Accuracy in DSMC

HEAT

Couette Flow Fourier Flow

A way to quantify the error due to cell size and  time step is to measure viscosity 
or thermal conductivity and compare with Chapman-Enskog theory (@ low Kn).

G. A. Bird, M. A. Gallis, J. R. Torczynski, D. J. Rader, 
Phys. Fluids 21 017103 (2009)



Measuring Transport in MD

In the early days of Molecular Dynamics it was impossible to measure 
transport coefficients by applying a gradient ( or ) because you 
could only run simulations containing a few hundred particles.



Einstein Theory for Brownian Motion

There are two ways to measure the mobility of a particle in a fluid.

Einstein’s theory allows us to measure it at equilibrium (no applied force).

Force

Velocity

Mobility    
௩

ி

Direct Approach

fluid

Mobility    
ଵ

்

⃗ ௧ ି⃗  మ

௧

Brownian Motion Approach

fluid



Viscosity:  Einstein-Helfand Theory

𝜂 =
1

2𝑉𝑘𝑇
 

𝐺 𝑡 − 𝐺(0) ଶ

𝑡

We can measure viscosity of a fluid from molecule 
trajectories using Einstein-Helfand theory.

𝐺(𝑡) = 𝑚  �̇� 𝑡 𝑦 𝑡

ே

ୀଵ

where

This allows us to measure viscosity (and other 
transport coefficients) from equilibrium simulations. Fluctuation-

Dissipation
Theorem

(x-velocity) x (y-position)



Viscosity:  Green-Kubo Theory

𝜂 =
1

𝑉𝑘𝑇
න  𝐽 𝑡  𝐽 0  𝑑𝑡

ஶ



𝐽 𝑡 =  �̇� 𝑡 = 𝑚  �̇�(𝑡)�̇�(𝑡)

ே

ୀଵ

+ ଵ
ଶ   𝐹

௫(𝑡) 𝑦 − 𝑦

ே

ୀଵ

ே

ୀଵ

A related approach uses the off-diagonal stress tensor component,  

where  is the force between molecules, and writes the previous result as,  

Notice that   , so it is the sum of a kinetic (ballistic) contribution 
and a contribution due to transfer of momentum by intermolecular forces.

(Green-Kubo)



Viscosity: Wainwright calculation
By writing the hard sphere collisional contribution as

T. Wainwright, J. Chem. Phys. 40 2932 (1964)

In DSMC the collision term  is not zero because of the finite distance 
between collision partners (i.e., finite collision cell size).

𝐽 𝑡 = 𝑚  �̇�(𝑡)�̇�(𝑡)

ே

ୀଵ

+ 
𝑚

𝑑ଶ
 ∆𝒗ఈ ȉ 𝒓ఈఉ 𝑥ఈ − 𝑥ఉ 𝑦ఈ − 𝑦ఉ

௦௦

 𝛿(𝑡 − 𝑡)

Wainwright was able to evaluate the integrations to obtain

𝜂 =
1

𝑉𝑘𝑇
න  𝐽 𝑡  𝐽 0  𝑑𝑡

ஶ



=  𝜂 + 𝜂× + 𝜂

The kinetic contribution  is precisely the Chapman-Enskog viscosity.
The cross term × and the collision term  are dense gas corrections. 

𝑡 : time of 
collision



DSMC Cell Size Error F. Alexander, A. Garcia, B. Alder,
Phys. Fluids 10 1540 (1998)

Similar results for thermal conductivity

𝜂 =  
𝑚ଶΓ

2𝑘𝑇
𝑦ఈ − 𝑦ఉ

ଶ
Δ�̇�ఈ − Δ�̇�ఉ

ଶ

For DSMC with collision rate Γ we have

Fr
ac

tio
na

l E
rr

or
(in m.f.p.)

Theory

Collision-less
Upper bound

𝑦ఈ − 𝑦ఉ
ଶ

=  
ℓଶ

6

For cubic cells

ℓ: cell size

Net viscosity (𝜂 + 𝜂) is 

In DSMC  𝜂× = 0

𝜂 =  
5

16 𝑑ଶ

𝑚𝑘𝑇

𝜋
1 +  

16

45 𝜋
 
ℓଶ

𝜆ଶ

= 4𝑘𝑇/3𝑚

DSMC
data

11% error 
@ ℓ = 𝜆



DSMC Time Step Error N. Hadjiconstantinou, Phys. Fluids 12 2634 (2000)
A. Garcia, W. Wagner, Phys. Fluids 12, 2621 (2000)

Fr
ac

tio
na

l E
rr

or

(in 𝜆/𝑐)

Theory

Collision-less
Upper bound

DSMC
data

Similar results for thermal conductivity and diffusion

Hadjiconstantiou showed that even in the 
limit of small collision cells (ℓ → 0) there is a 
non-zero contribution to 𝜂 because the 
collision happens at the wrong time.

For a DSMC time step of 𝜏

𝑦ఈ − 𝑦ఉ =  𝑡 − ଵ
ଶ 𝜏  �̇�ఈ − �̇�ఉ

Net viscosity (𝜂 + 𝜂) is 

Again, in DSMC  𝜂× = 0

𝜂 =  
5

16 𝑑ଶ

𝑚𝑘𝑇

𝜋
1 + 

32

150 𝜋
 
𝑐

ଶ𝜏ଶ

𝜆ଶ

𝑐 = 2𝑘𝑇/𝑚 7% error 
@ 𝜏 = 𝜆/𝑐



Cell size & Time step - 2013
In his last book, Graeme wrote,

“Early DSMC programs…the mean spacing between 
collision pairs was too large in comparison with the 
mean free path and this led to the introduction of 
sub-cells…(and) an option to select the collision pairs 
from the nearest-neighbour pairs within the cell.”

“The time step is set to a specified small fraction of 
the sampled mean collision time…”
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Hydrodynamic Fluctuations

My original interest in DSMC was to study fluctuations

(Density fluctuation) = (Density) – (Average Density)

COLD
WALL

HOT
WALL



Fluctuations & DSMC - 1976
In his first book Bird describes fluctuations as an 
unavoidable annoyance inherent with DSMC.

N
um

be
r F

lu
x

Sample Size Fluctuations are NOT due 
to Monte Carlo collisions

Theory



Molecules vs. “Simulators”
In DSMC the number particles (“simulators”) is a 
small fraction of the number of physical molecules.

Each DSMC simulator represents FN physical molecules.
Each DSMC collision represents FN physical collisions.

Physical Molecules DSMC Simulators

FN = 2
DSMC fluctuations are 
physical fluctuations 
only magnified by FN .



Statistical Error Estimates

Ma

11/2

SNu
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u
E

x

x
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where S is number of samples, Ma is Mach number.

N. Hadjiconstantinou, A. Garcia, M. Bazant, G. He, 
J. Comp. Phys. 187 274-297 (2003)

Statistical mechanics tells us the standard deviation of hydrodynamic 
variables, allowing us to estimate statistical error in particle simulations.

For example, when estimating the average fluid velocity in a cell with 
N simulators, the fractional error in the x-component is expected to be

From statistical mechanics

𝛿𝑢௫
ଶ =  

𝑘𝑇

𝑚𝑁



Statistical Error Estimates (cont.)

Fractional error in density, temperature, pressure

SN
E

1


SN

C
ET 

SN

C
EP


 )1(, OCC 

N. Hadjiconstantinou, A. Garcia, M. Bazant, G. He, 
J. Comp. Phys. 187 274-297 (2003)

For fractional error in fluid velocity of Eu = 1% with N = 100 simulators/cell

S  102 samples for Ma =1.0  (Aerospace flow) 
S  108 samples for Ma = 0.001 (Microscale flow)222 Ma

1

Ma

1


uEN
S

All the error estimates are the same for DSMC and MD.



Dynamic Structure Factor

F. Baras, M. Malek Mansour, A. Garcia, M. Mareschal, 
J. Comp. Phys. 119 94 (1995).

Rayleigh Peak

Brillouin Peak

Line – Hydrodynamics
Dots – Hard sphere DSMC 

𝑆 𝜔 = 𝛿𝜌(𝑘, 𝜔)𝛿𝜌∗(𝑘, 𝜔)

Experimentally 
measureable by 
light scattering 

Measuring the time-space 
correlations of density 
fluctuations at equilibrium 
yields hydrodynamic 
information, such as 
sound speed and viscosity.



Dynamic Structure Factor (cont.)

Lines – DSMC
Dots – Experiment 

The dynamic structure factor, 
∗ , 

at equilibrium is a useful way to 
compare DSMC models 
(e.g., rotational relaxation) with 
data from scattering experiments 
and with theoretical predictions.

D. Bruno, A. Frezzotti, G. P. Ghiroldi, 
Eur. J. Mech. B (Fluids), 64 8 (2017)
D. Bruno, V. Giovangigli, Fluids 7 356 (2022)



Fluctuations in a Temperature Gradient
In the 1980’s light scattering experiments 
confirmed theoretical predictions that 
random pressure fluctuations (sound waves) 
are asymmetric when .

M. Mareschal , E. Kestemont, Phys. Rev. A 30, 1158 (1984)

Attempts to measure this phenomenon by 
Molecular Dynamics had mixed success.

D. Beysens, Physica A 118, 250-267 (1983)

HOT

COLD



Density-Velocity Correlation
DSMC simulations were in perfect agreement with the theoretical 
prediction of a correlation in density-velocity fluctuations under T

A. Garcia, Phys. Rev. A 34 1454 (1986) 



COLD HOT

u

Position x’

)'()( xux  DSMC

Correlation is zero at 
equilibrium (∇𝑇 = 0)



Giant Fluctuation Phenomenon
Vailati, et al., Nature Comm., 2 (2011)

Experiments in 2011 found macroscopic fluctuations in interface mixing.
Phenomenon due to correlation of concentration-velocity fluctuations.

5 mm

Top-down view of 
density fluctuations 
during mixing

Light

Heavy



Concentration-Velocity Correlation

Ly

Lx
Lz

Symbols are DSMC;
ky = 0

Ly = 512 ; Lz = 2 

kx

kx
–2

DSMC in agreement 
with incompressible, isothermal
fluctuating hydrodynamic prediction
of long-wavelength “giant” fluctuations

Wave number kx

11 ˆˆ u

A. Donev,  A. Garcia, A. de la Fuente, J. Bell, 
J. Stat. Mech. 2011:P06014 (2011)



Fluctuations & Membranes

Temperature-temperature 
correlation is reduced but
shifted by an effusion 
membrane in the center.

Temperature -
Temperature

No Membrane Effusion probability  f = 1/20

Equilibrium

Temperature -
Temperature

Molecules 
reaching the 
interface 
cross it with 
probability f.

COLD

HOT
D. Ladiges, A. Nonaka, J.B. Bell, A. Garcia,
Physics of Fluids 31, 052002 (2019)

Fluctuating 
Hydrodynamics



R. McMullen, M. Krygier, J. Torczynski, M. Gallis, 
Phys. Rev. Lett. 128 114501 (2022)

J. Bell, A. Nonaka, A. Garcia, G. Eyink, 
J. Fluid Mech. 939 A12 (2022) 

Inertial Near Dissipation Far Dis.

Deterministic
FHD SPARTA

DSMC

Homogeneous, Isotropic, 
Incompressible Turbulence

Decaying Taylor-Green 
Vortex Turbulence

Thermal fluctuations dominate turbulent fluctuations in the near-dissipation range

Fluctuations & Turbulence

k2

k2

Using Fluctuating Hydrodynamics (FHD) Using Sparta DSMC



Fluctuations & DSMC - 2013
In his last book, Graeme wrote,

“While the fluctuations are unphysical when 
FN is large, they are physically realistic … 
(with) a one-to-one correspondence between 
real and simulated molecules. This is 
another instance of DSMC going beyond the 
Boltzmann equation because fluctuations 
are neglected in the Boltzmann model.”

His last 3 papers were on Brownian motion.

Nano energy 11, 463-470 (2015); Phys. Fluids 28 062005 (2016); NanoWorld 3 18 (2018)
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Maxwell’s Demon

“… conceive of a being whose faculties are 
so sharpened that he can follow every 
molecule in its course…

A B

In 1887 Maxwell presented a thought experiment,

He will thus, without expenditure of work, raise the 
temperature of B and lower that of A, in contradiction to the 
second law of thermodynamics.”

so as to allow only the swifter molecules 
to pass from A to B, and only the slower 
molecules to pass from B to A. 

DSMC is such a being!



Demons in DSMC ?

The DSMC algorithm has full information and control of the 
particles’ dynamics and has many complex stages

• Collision rate (Time counter, NTC, Bernoulli trials, …)
• Basic collisions (VHS, VSS, Lennard-Jones models, …)
• Complex collisions (Internal energy, chemistry models, …)
• Particle motion (External fields, Adaptive time step, …)
• Boundary conditions (Surface models, Inflow/Outflow, …)

How can we be sure that a flawed design or a “bug” has not 
introduced a Maxwell demon into our simulations? 



Second Law of Thermodynamics

How do we test that our simulations satisfy the Second Law?

Boltzmann’s H-theorem is not useful since, due to fluctuations, 
DSMC satisfies it only in the limit of infinite number of particles.

Stochastic thermodynamic identities, such as Crooks 
fluctuation theorem, could be tested in principle but 
in practice they are difficult to verify in simulations.



Detailed Balance & Reversibility

�̇� =  𝑝𝑊 − 𝑝𝑊


J.S. Thomsen, Phys Rev. 91 1263 (1953) 

𝑊 = 𝑊

Microscopic
Reversibility

�̇� = −𝑘  �̇� log 𝑝


≥ 0

SECOND LAW

𝑝𝑊 = 𝑝𝑊

@ equilibrium

Detailed Balance

For an isolated system with microstate dynamics
𝑝: Probability of state 𝑖

𝑊: Transition rate 𝑖 → 𝑗
�̇� = 0 @ equilibrium

Detailed balance is a necessary condition for microscopic reversibility, 
which is a sufficient condition for an algorithm to obey the Second Law.

𝑝 = 𝑝

@ equilibrium

Ergodicity



Cercignani–Lampis surface scattering model

C. Cercignani and M. Lampis,
Trans. theory & stat. phys.,
1(2), 101-114. (1971)*  *  *

𝑊  𝑝 = 𝑊 𝑝

surface

𝜉

𝜉′

surface

- 𝜉

- 𝜉′

Cercignani and Lampis formulated a surface scattering model based on 
the requirement of detailed balance; popularized in DSMC by Lord.

FORWARD REVERSE



Ergodicity & Fluctuations
One way to test any molecular code for ergodicity at equilibrium is 
to measure fluctuations and compare with statistical mechanics. 

For example, for cells and 

  and  
 ்

 ே
,

with similar expressions for others, such as     , etc.

Results should be independent of internal molecular processes 
(e.g., vibrational exchange) and of any chemical processes.

A. Garcia, CAMCoS 1 53-78 (2006)

Many DSMC codes will not pass this test!



Inflow / Outflow Boundary

An inflow / outflow boundary 
models an infinite reservoir of 
particles with an equilibrium 
density and temperature.

Number of particles generated at 
the boundary must be Poisson 
distributed for detailed balance.

M. Tysanner A. Garcia, 
Int. J. Num. Meth. Fluids 48 1337 (2005)

Poisson

Fixed number

Distance from boundary (m.f.p.)

In / Out

System

𝛿
𝜌

𝛿
𝑢

Generation
not Poissonian

No Detailed
Balance

Ergodic 
@ equilibrium?

𝛿𝜌𝛿𝑢 ≠ 0

NO



ChatGPT (launched 2022)

A New Age: AI / ML
The capabilities of Artificial Intelligence / 
Machine Learning systems are growing 
exponentially thanks to the availability of 
massive data sets.

Nature (November 2023)

ML session tomorrow morning



Science in the AI / ML Age

Theoretical
Calculations

Simulations &
Experiments

Models

Laws

Designs

Data

Scientists

Answers

Questions

AI / ML System

Answers

Questions

Data

Laws

How can physical laws be “guard rails” without 
stifling the creativity of AI / ML systems? 



Thank you for your
attention and participation

Have a wonderful RGD!

Graeme Bird




