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The time step truncation error in direct simulation Monte Carlo calculations is found @ h¢?)

for a variety of simple flows, both transient and steady state. The measured errors in the transport
coefficients (viscosity, thermal conductivity, and self-diffusiorare in good agreement with
predictions from Green-Kubo analysj®. Hadjiconstantinou, Phys. Fluid$2, 2634 (2000].
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I. INTRODUCTION from their kinetic theory distributions. For example, for hard

] ) ) ) ) spheres the center of mass velocity and relative speed are
The direct simulation Monte Carl@dSMC) algorithm is conserved in the collision,

a stochastic method that solves the Boltzmann equation by

replacing the distribution function with a representative set L Vity +n||Vi_Vj|| « Vity _n”Vi_Vj”

of particles. As a computational tool, DSMC has been ex- ' 2 ¢ 2 = YiT 3 ¢

tr;i)rpeelr)écseun(il(;esfzfruri;2ot:cealzt:?g/bIcgn:gr(\a/]\c/lgdre?:rstc?(I)?V;?, 1afrg§/vith the directio_ne of the relative veloc_ity uniformly distrib-

a tutorial on D,SMC and to Ref 2fora(;0mplete referen.ce onUth n _the unit sphere. _The ‘no time countetC_N_TC)

the method. ' methoq is used to de}ermm_e the number of collisions that

In DSMC the state of the system is given by the posi_occurhm elach. (r:]ell gurlngda tlmehstep. ical

tions and velocities of the particles The algorit m depends on.t ree numerica parameters—
the number of simulation particles, the cell sizeAx, and

3 Cxy oz o the time stepAt. The behavior of the DSMC algorithm for
{ri=(xi.yiz), vi=(oi ol v}, i=1,...N. N—o was investigated in Ref. 3, where convergence to a

discretized version of the Boltzmann equation was estab-

First, the particles are moved as if they did not interact, thatished. The problem of cell size dependence was considered

is, their positions are updated to in Ref. 4, where it was shown that the truncation error in the
transport coefficients wa®(Ax?) with explicit expressions
ri+vjAt, obtained for the viscosity and thermal conductivity.

The purpose of this papeis to study effects of the time
whereAt is thetime step A particle that reaches a boundary step on the accuracy of the computed quantities, and to illus-
of the system has its position and velocity adjusted accordingate second order of the time step error. In Sec. Il we recall
to the imposed boundary conditi¢e.g., at a periodic bound- Some theoretical results from the literature. In Sec. Il we
ary the particle’s position is replaced with its periodic reflec-introduce some test configurations for measuring the time
tion). Second, after all particles have moved, a given numbestep error. In Sec. IV results of numerical experiments are
are randomly selected for collisions. These two stée  presented. Finally, some concluding remarks are given.
motionandcollisions are repeated for the desired number of
iterations. Il. PREVIOUS RESULTS

Particles are randomly selected as collision partners with
the restriction that their mean separation be a fraction of a
mean free path. This restriction is enforced by sorting thé@s the form
particles intocells and during a time step only permitting
collisions among particles in the same cell. The probabilityﬁf(t,f,V)+(V,Vr)f(t,r,V)
of selecting a given pair is a function of the relative speed
between the particles, as given by kinetic theory. DSMC
evaluates individual collisions stochastically, conserving mo- fR3deZdeB(v,w,e)[f(t,r,v*)f(t,r,w*)
mentum and energy and selecting the post-collision angles

The Boltzmann equatiofior monoatomic rarefied gases

—f(t,r,v)f(t,r,w)] (2.1
apermanent address: Physics Department, San Jose State University, S4ith some i_nitial conditionf(o,r,v)=f0(r,v). The collision
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whereS? denotes the unit sphere. The hard spheres collision C l C,
kernel has the form

Periodic boundary y
x=-L2 x=Lp2 T—»"

B(v,w,e) = const|lw—V].

. . FIG. 1. Schematic illustrating the system geometry.
Here we mention some results concerning the conver-

gence behavior of various stochastic particle schemes related

to the Boltzmann equatiofsee also Refs. 5 and 6 and refer-

ences therein the DSMC particle systerfwithout time splitting to a mol-
Convergence of thBSMC algorithmwith respect to the lified stationary Boltzmann equation was studied in Ref. 11.

number of particles was studied in Ref. 3. The limiting be-

havior of the particle system is described by a discretized

version of the Boltzmann equation consisting of an equation; ESTIMATES OF TRUNCATION ERROR

related to the free flow step,

This section describes the various simulations that were
if(l)(t V) +(V,V )f(l)(t r.v)=0 performed and the different functionals that were measured
gt kb Tk AT ’ to estimate the time step truncation error.

1 @) B The system we consider is rectangular with length

ftr V=12 (tary), k=12, (220 yolumeV and cross-sectioA=\V/L (see Fig. 1 The bound-

D0 V)= fo(r.v) ary conditions ak= *L/2 are thermal walls with fixed tem-

AR EARRA peraturesT .. and y-velocitiesu?’. . A particle that strikes a
and an equation related to the collision step thermal wall has its velocity replaced with a random value
generated from the biased Maxwell-Boltzmann distribution
in the frame of reference of the wall. Particles that strike a
wall are marked atagged(C;= 1) with probabilityC.. , and
untagged C;=0) with probability 1- C.. . Dynamically the

d
—fff)(t,r,v)zf dr’J’ dwf deh(r,r’) B(v,w,e)
ot D RS 82

XAt r,v) 12t r w*) tagged and untagged particles are identical. The boundaries
_ f(kz)(t,r,v) fﬁz)(t,f',W)L in the other directions are taken to be periodic. We will study
2.3 three problems,

2t rv) =0t 1,r,v). (1) Couette flow (¥, #u’ ,T.=T_,C,=C_),
(2) heat flow @, =u¥ ,T,#T_,C,=C_), and

The functionsf? ,f(*) are defined on the time intervals : -
unctionsti - Tk ! me eV 3) tagged particle diffusionu?, =u¥ ,T,=T_,C,#C_).

[ty,tkr1], wherety,=k At. The computational domaifpo-

sition spacgis DCR®. The functionh depends on the cell The transport of the fundamental conserved quant{ties-
structure and tends to the Dirac function when the cell Siz‘?nentum energy, and massay be measured in these flows
Ax tends to zero. . . I The system containll hard sphere particles of mass
For theNanbu algorithmand some of its modifications and diameterr. The mean free path for hard sphereskis
the limiting behavior of the particle system for large particle_(\/zmzn)fl' wheren is the number densityh, is the
= , 0
Yeference mean free path at the reference demgityN/V.

: . " At the reference temperatur€y, the most probable thermal
thetis replaced by, . This is due to the fact that recollisions . — . i
are excluded speed isvy=+/2kTy/m, which we use to define the refer-

This apparently harmless change of the equation relate@nc€ tim.etozho/vo- _ _
to the collision step has an important consequence for the We introduce three sets of functionals measured in the
time step error of the stochastic particle scheme. Due to &imulations. One set is related to momentum, the others to
result from Ref. 8, the solutions of the system of E@2),  €nergy and concentration.

with the only difference that at the right-hand side(2f3)

(2.3 approximate the solution to the Boltzmann Hg.1) The firstmomentum functionas
with the orderO(At?) (for vanishing cell sizg Thus, the 1
time step error is expected to be of second order for DSMC, Fi.=7—71——~ 2 [(mv))" —mu!],

while it is only of first order for Nanbu's schenfsee also A=) inipacts

Ref. 9, Ch. 10, p. 290 In the steady state case we are notwhere the sum is over all particle impacts with the wall at
aware of any similar theoretical results concerning the timetL/2 during the time intervalt;,t;]; the unprimed and
step error. primed denote before and after the particle’s impact with the

Recently it has been claimthat the result from Ref. 8 wall. The functionaF?y. is the time-averaged change in mo-

is incorrect. We will investigate the problem of time step mentum per unit area for particles striking a wall, which, by
error numerically, both in the transient and in the steady statthe momentum-impulse theorem, gives tiiag force per
case. Note that convergence of the stationary distribution afinit areaon the wall. The viscosity of the gas may be de-
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fined as the ratio of this force to the velocity gradient5a where N, is the number of runs averaged together in the
is directly related to this transport coefficient. Formally, thisensemble and statistical samples are only taken on the last

functional is defined as iteration of each run in the ensemble.
1 kN We define threeenergy functionalsimilar to those de-
v Y\ Y fined above for momentum. The first[isf. (3.1)]
Flt ( k)Atkz Z [(mvl) mvl] ‘ N
x 1 Z;Ef > Emv-2 ,—lmv-z
XH(—L/2%(x;+viAt)), (3.1 1+ Aki—kDAtE = [\20 2 i
wherek;=t;/At is the first iteration for which statistics are XH(—=L/2=(x;+vAt)) 3.7

measured anki=1t;/At is the total number of iteration steps.
The Heaviside step functiohl selects those particles that @nd the second functional jsf. (3.2)]

strike the thermal wall ax= £ L/2 during iterationk. 1 ke N
. . X
The second functionais 5= —A( kAT Ei E mv 2IH(—x)H (X +v] TAT)
1 _ «
F5= >, mu}signv}), —H(x)H(=x—v]Ab)]. (3.9
A(tf t ) Cross

Finally, the third energy functional is the temperature of the

where the sum is over all particles that cross the plane gas extrapolated to the thermal wall boundaries

=0. Formally, this may be written as

) S+= lim T(x). (3.9
i N -
F“=;E 3, mol[H(—x)H(x +o/AD o
27 A(ki— k) At & The temperaturds measured in cells as
—H(Xi)H(—xi—vf‘At)]. 3.2 —m (vilH) = ()= (u))?— <vz>2
T(xX)= 3K 0 (3.10
This functional is theparallel momentum flux per unit time

and its ratio with the velocity gradient gives the viscosity. Where the cell sum average is defined by &5 for steady
Because momentum is conserved in collisions, the funcstate calculations and H.6) for transient calculations.

tionalsF, . andF, are closely linked. At the steady state the ~ As with momentum and energy, thiffusion of tagged

momentum flux must be constant across the systefjso particlesis measured by the functionals

=F{_=F} asAx—0, At—0, andt;— .

Theth|rd functionalis the y-component of the average FS, = 1 E 2 [C/'—C/]

fluid velocity extrapolated to the thermal wall boundaries - A(k k) At =
X— *+L/2 and
This fluid velocityis measured in cells as 1 kN
C X
v! Fz:_—,Z Z Ci[H(=x)H(x+viAt)
uy(x):%_ (34) A(kf kl)At k—ki =1
—H(X)H(—x—vfAD)], (3.12

For thesteady state calculationthe average cell sum of

some quantityQ(v;) is defined as which give the fluxes of tagged particles at the walls and in

the center of the system, respectively.
The estimatedractional truncation errorfor some func-

(Q(v)))= K—k v 2 IZ Q(vy) tional F is defined as
XH(Xi— (Xx— 2AX))H((Xx+ 3AX)—X;), (At)= [E(Aty)] , (3.13

(3.5 whereAt, is the reference time step. Ideally, one would wish
with statistical samples taken at the conclusion of each itereo evaluate the exact error,
tion starting with iteratiork; and ending withk;. The Heavi- IF(At)—F(0)]
side functions serve to select the particles in a cell centered EAt)=

betweernx— (1/2)Ax andx+ (1/2)Ax. For thetransient cal- IF(O)
culations the average cell sum is defined as Assuming the error is monotonic Mt [e.g., F(At)
N, >F(Atg)] then
1
Q(vi)) Q(vi) |F(0)]
< E E E(AD = [ o] E4AD ~ EdAty)]
XH(x— (x— $AX))H((X+ 3AX)—X;), [F(0)] Ed(Atg)
E«(At) 1- .
(3.6) ¢ |F(At0)|[ e(At)}
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ThereforeE(At) and E((At) show the same convergence to Ax andN may be neglected. The numerical values of the
behavior provided thaEq(Ato) is sufficiently small com-  physical quantities are scaled such tmat1, A\o=1, T,
pared with Eq(At). For the results presented hetety  —1 andt,=1.
=(1/8)ty and At=(1/2)to, ... 18, so Ato=<(1/4)At, The following problems are consideréd. Fig. 1):
which is sufficient for our purposes. o

The time step dependence of the transport coefficient§l) Steady state Couette flow witl?. = +0.2v,, T.=T,,

may be predicted usinGreen-Kubo analysi¥’ For thevis- andC.=0; o
cosity, (2) Steady state Couette flow with, = +v,, T..=T,, and
C.=0;
24042 ==Y
At . : —
7= 1k 1+£ YRt (3) Transient Couette flow withu¥.==*v,, T.=T,, and
150w \§ ) C.=0;
where 7 is the kinetic theory expression for the viscosity as¥ ?teady state_hejat flow with’. =0, T_=1.2To, T,
given by Chapman-Enskog analysis. Similarly, for ther- =To, andC..=0; Ly
mal conductivity (5) Steady state heat flow with’. =0, T_=2T,, T, =T,
andC..=0;
64 v2At? (6) Transient heat flow withu¥. =0, T_=3T,, T,=T,,
K=ri| 1t 75, T2 andC. =0;
0 (7) Steady state tagged particle diffusion with =0, T-
and self-diffusion coefficient =Ty, C_=0, andC,=0.1.
=
D=D.| 1+ i voAt? For the steady state scenaridbe system is initialized
K 27 )\(2) with a density, velocity and temperature near the steady

state. The simulation is run for a time pf 25 60Q, before

Note that the results for viscosity and thermal conductivitygiasistical sampling initiates; samples are taken until the final
are similar to those obtained by Green-Kubo analysis for th¢;ye oft,— 102 400,. For comparison, the viscous relaxation
cell size dependentavith Ax replaced byvyAt. Interest-  time is
ingly, there is no corresponding cell size truncation error for

the self-diffusion coefficient. mngL? 8L2

For weak gradients, the measured functionals are related 7~ 270 5 Vmhes ~226Qo, (4.7)

to the transport coefficients as
v - I where 7, is the viscosity at the reference state.
E1. (A =By (AD)=E3(A1) For thetransient runsthe gas is initialized to be at ther-
|7(AD)— 7(Atg)] 32 vpAt? modynamic equilibrium with the reference temperature, con-
= = (3.19 stant density and average velocity zero. The simulation runs

| n(Ato)] 180m 2§ - up to a stopping time of
¢ (A)=ES_(At)=E5(At) tg=16t, (4.2
|k(At)— k(Atg)| 64 ;SAtZ and a statistical sample is taken to measure the fluid velocity
=T Tk(Aty)] 6757 2 (3.19  w(x) and the temperatur&(x) [cf. (3.4), (3.10]. An en-
0 0 semble of 10 000 runs is performed and the samples from the
¢ (AH)=ES_(At)=ES(At) ((ens)e]mble are combined to comp@tg, andF3. [cf. (3.3,
3.9].
ID(At)—D(Aty)| 4 v3At?
= [D(Aty)] ~on —)\g , (3.16 A. Steady state Couette flow (weak gradient )

The first scenario we consider is steady state Couette

in the limit At;—0, Ax—0 andN—«. As shown in the ) ) . —
low with a weak velocity gradientu?. = +0.2v,). Because

next section, the results from the simulations are in gooJ

agreement with these Green-Kubo predictions. the system is symmetric aboxit=0, we define the averages
[cf. (3.13, (3.1, (3.7)]
IV. SIMULATION RESULTS po ELtEL L Bl +EL 3
1 2 ’ 1 2 . .

This section presents the estimated truncation errors dis-

cussed in the previous section as measured in a variety ¢figures 2 and 3 show that the fractional truncation error in
scenarios. For evaluating collisions and measuring statisticahe drag forceE{ , and in the momentum flug} [cf. (3.13,
samples, the particles are sorted into cells of wiithand  (3.2)] go asAt? except at the largest time steps. Moreover,
cross-sectior. For the results presented hetes 50Ny, N the truncation error is in good quantitative agreement with
=50000, andAx=\y/5. Previous studies indicate that this Eq. (3.14).

cell size is sufficiently smédlland the particle number suffi- The maximum error in the momentum transport is lim-
ciently largé®*that for our purposes the error with respectited by the flux in thecollisionless limit In this limit the
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Collisionless Limit

10 |

FIG. 2. Estimated truncation error in the wall drag
force, E}, versus time step for steady state Couette
flow. The solid line is given by Eq(3.14 and the
dashed line by Eq4.4).

_1

107

velocity distribution function is the sum of two half- gradient is weak the confidence intervals for the other mea-
Maxwellians with mean velocitieg?. and temperatures .. sured errorsE% andE$) are too wide to establish conclusive
(see Appendix For the momentum flux, one obtains results for the time step dependence.

~ ~ m — — )
Fy,=Fy_= FZZE(”*UXC* —n,u’c,), (4.4) B. Steady state Couette flow (strong gradient )

Next we consider steady state Couette flow with a strong

velocity gradient ¢%. = tu_o). The measured truncation er-
[8KT. rorsEY andE} go asAt? but the absolute error is about 20%
m’

where

T- _
nt:no\/ﬂL\/T_' C.= (4.9 Iargle:r than that predicted by E@.14). |
igures 4 and 5 show velocity and temperature profiles
are the number density and mean thermal speed for particlégeasured in the reference simulatiodtE Aty=(1/8)to)
moving away from the wall located atL /2. Figures 2 and 3 and in the simulation with the largest time stefpt& 16t,).
show that the truncation error deviates from E14) as the In Couette flow the temperature is maximum in the center of
error saturates to the collisionless limit. Because the velocitghe system due to viscous heating produced by the imposed

Collisionless Limit

10 |

FIG. 3. Estimated truncation error in the parallel mo-
mentum flux,E3 , versus time step for steady state Cou-
ette flow. The solid line is given by E¢3.14 and the
dashed line by Eq4.4).

_1

107
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-0.3 T T T T T T

0.8

0.6

-0.41

-0.8 At=At, =t,/8

AK=A|0=l0/8

-1
-25 -20 -15 -10 -5 [} 5 10 15 20 25 2y} Y 20 8 16 14

FIG. 4. Fluid velocity,u, , versus position for steady state Couette flow, as measured in the reference similati§d/B)t,) and in the simulation with the
largest time stepAt=16t,). The left graph shows the entire velocity profile; the right graph shows the profile near the wall-t/2 with the solid lines
being the curve fits used to comptkg_ .

shear. To evaluate}. andF3. [cf. (3.3, (3.9)], these pro- and independent of. Figures 6 and 7 show that the trunca-
files were extrapolated to= =L /2 by taking the data points tion error saturates to the collisionless limit for large time
betweenx=*L/2 and =L/4 and fitting them to a quartic steps.
polynomial.

Figures 6 and 7 show that the truncation error goes a€. Transient Couette flow
At? except at the largest time steps. Again, since the system

. . . The third case we consider is transient Couette flow.
is symmetric aboux=0, we define the averages

Figure 8 shows the velocity profiles measured in the refer-
EY=3(E3, +E5 ), ES=3(E§ +E5 ). (4.6)  ence simulation £t=Aty=(1/8)ts) and in the simulation
with the largest time stepAt=16ty). To evaluateF5. [cf.

In the collisionless limit the velocity and temperature (3.3], these profiles were extrapolatedxte + L /2 by taking

are the data points betweet= +L/2 and+ L/4 and fitting them
~ n_u’+n,u¥ to a quartic polynomial.
u'= No (4.7 Figure 9 shows that the truncation error goesAds
except at the largest time steps. Again, since the system is
and symmetric abouk=0, we use the definitiof¥.6).
For thecollisionless limit for very long times {s>t,)
~ n.T_+n.T, m n,n_ . 2 S
T= R % *2 (u.—u’)? (4.9  the velocity profile is given by Eq4.7). However, for the
Mo No transient runs presented here we are interested in the short
15 T T T T T T T T 15 T T T T T T

At=Ato=l0/8

f . . . . . . . . . \ \ ! ! ! !
-25 20 -15 -10 -5 0 5 10 15 20 25 1 Y} ) 20 18 16 14
X X

FIG. 5. TemperatureT, versus position for steady state Couette flow, as measured in the reference simdlatiqii/8)ty) and in the simulation with the
largest time stepAt=16ty). The left graph shows the entire temperature profile; the right graph shows the profile near thexwatt lf2 with the solid
lines being the curve fits used to comp&g._ .
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10 —————— = = — = — - — — — — — —— — — — ——— — = = B
Collisionless Limit

_1

107

FIG. 6. Estimated truncation error in the fluid velocity
at the walls E5, versus time step for steady state Cou-
ette flow. The solid line has slopkt? and the dashed
line is obtained from Eq(4.7).

>
w

107°}

10 10
At
time behaviorcf. (4.1), (4.2), i.e.,ts<t,] for which The estimated truncation errgf [cf. (4.3), (3.13, (3.7),
~ N (3.9)] versus time step is shown in Fig. 10. Despite the asym-
w(=£L/2)=su). 4.9

metry, we find that the difference betweBf, andE]_ is

In this situation equa| numbers of partides are moving to.a.bOUt an order of magnitude smaller than the confidence in-
ward and away from each wall. The partic|es approaching éerva.l in their measurement so we Only consider their aver-
wall are distributed according to the equilibrium referenceage,ES. Both ES andES (shown in Fig. 11 go asAt? and
state while those leaving are thermalized with a wall's ve-are in good agreement with E(3.15 except at the largest
locity and temperature. Figure 9 shows that the truncatiodime steps where the heat flux is limited by the collisionless
error saturates to the collisionless limit for large time steps.ceiling,

D. Steady state heat flow (weak gradient )

2
2
3
3

~ m -
_ _ Fe. =F¢ =F¢=——(n_c®—n.c3)+—(n_c_u?
In the next case we examine the walls are stationary but 1 ! > 8 ( +C+) 4 (

at different temperatured( =1.2Ty, T, =T,), resulting in — v

a heat flow. The system isot symmetric; though the tem- —NyCul’). (4.10
perature gradient is nearly linear there is a density gradient

(n=T~1) since at the steady state the pressure is constantBecause the temperature gradient is weak, the confidence

10 T T

Collisionless Limit

FIG. 7. Estimated truncation error in the temperature at
the walls,E$, versus time step for steady state Couette
i flow. The solid line has slopat? and the dashed line is
obtained from Eq(4.9).

At
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At=At,=t/8

-1
-25 -20 -15 -10 -5 [} 5 10 15 20 25 -1 2y} Y 20 8 16 14

FIG. 8. Fluid velocityu, versus position for transient Couette flow, as measured in the reference simulstieif1(8)t;) and in the simulation with the
largest time stepAt=16t,). The left graph shows the entire velocity profile; the right graph shows the profile near the wall-t/2 with the solid lines
being the curve fits used to comptkg_ .

intervals for error in the temperature at the wali§(.) are  F. Transient heat flow

too wide to establish conclusively its time step dependence. 1. ot case we consider is transient heat flow. Figure

14 shows the temperature profiles measured in the reference
simulation At=Aty=(1/8)ty) and in the simulation with
This case is similar to the previous one but with a largerthe largest time step\t= 16t). To evaluateF3_ [cf. (3.9)],
temperature differencel( =2T,, T, =T,). The measured these profiles were extrapolated xe- —L/2 by taking the
truncation error€$ andE$ go asAt? but the absolute error data points betweex= —L/2 and—L/4 and fitting them to a
is about 50% larger than that predicted by E3}15). quartic polynomial.
Figure 12 shows the temperature profiles measured in  Figure 15 shows that the truncation error goesAa$
the reference simulationAf=Aty=(1/8)ty) and in the except at the largest time steps. Again, since the system is
simulation with the largest time step{=16t,). To evaluate symmetric abouk=0, we use the definitiof4.6). The col-
F5., these temperature profiles were extrapolatedxto lisionless limit for short times (s<t,), gives
==*L/2 by taking the data points betweer £L/2 and
+L/4 and fitting them to a quartic polynomial.

E. Steady state heat flow (strong gradient )

nN“T_+n% T, m nin* _

Figure 13 shows that the truncation error goesAa$ T(-L/2)= (c _Eo)z
except at the largest time steps where the error saturates to n* +n% 12X (n* +n*)2
the collisionless ceiling, as given by E@.9). (4.11
________________________________ o
Collisionless Limit
o]
107 g
o FIG. 9. Estimated truncation error in the fluid velocity
at the wallsE5, versus time step for transient Couette
flow. The solid line has slopat? and the dashed line is
> obtained from Eq(4.9).
10} .
107 L L
10 10

At
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10 | Collisionless Limit 1

FIG. 10. Estimated truncation error in the heat flux at
the walls, ES, versus time step for steady state heat
flow. The solid line is given by Eq(3.195 and the
dashed line by Eq4.10.

where measured truncation error is in quantitative agreement with
T BKT Eqg. (3.16 except at the largest time steps where the flux
n* _No. n* _No /1o, o= —20 (4.12  saturates to the collisionless limit,
T2 T2 N1 O m '

: . F¢,=F¢ =FS=i(n_c_.C_—n,c,C,). 4.1
Figure 15 shows that the truncation error saturates to the " 1 2= 2( +C+Cy) 4.13
collisionless limit for large time steps.

V. CONCLUDING REMARKS

G. Steady state tagged particle diffusion The results from the previous section clearly indicate a

The final scenario we consider is the diffusion of taggedtime step error of ordeAt?, whenAt—O0. This is in agree-
particles. Specifically, 10% of the particles that strike the leftment with the theoretical results from Ref. 8 outlined in Sec.
wall are tagged €_=0.1); all particles striking the right Il. Note that consideration of a region near the collisionless
wall are untagged@., =0). This gradient produces a diffu- limit, where At is still too big, may lead to wrong conclu-
sive flux of tagged patrticles. Figures 16 and 17 show the twaions. Also the Green-Kubo predictions from Sec. Ill con-
estimates for the truncation error in this flug; and E3, cerning the quantitative behavior of the error in the transport
where Ef=(EJ_+E{,)/2 [cf. (3.1D, (3.12, (3.13]. The coefficients have been confirmed.

10 | Collisionless Limit 1

10° |

FIG. 11. Estimated truncation error in the heat flux at
the centerE5, versus time step for steady state heat
flow. The solid line is given by Eq(3.15 and the
dashed line by Eq4.10.
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FIG. 12. Temperatur® versus position for steady state heat flow, as measured in the reference simlatiqii(8)ty) and in the simulation with the largest
time step At=16ty). The solid lines in the left figure are the curve fits used to compgte.

In the variant proposed in Ref. 10, during a single itera-ACKNOWLEDGMENTS
tion: particles move for a half time step; collisions are evalu-

ated for a full time step; particles move again for a half time

step; and statistical samples are measured. The accuracy %VdI; and N. Hadjtlcgn§tant|r:0; fct)lr] usfoIl.d('jS?\;:Stsr']ons'tThT
statistical samples taken between iteration points may jmp/ork was supported in part by he Applie atnematica

prove because the sampling is time-centered. Otherwise, e)§_0|?nces P(;ogcram OfttT.e D?ES folce of gather:::\rt:cs, Ir][Lor-
cept for the first and last iteration, the global dynamics jgmation, an omputational sciences. Une ot the authors

equivalent to standard DSMC. (AFI.GI.) \iN|shneds ;ct) thﬁnktithe V\\//\:}el:arstt;?s? Instl'rtu;]e Vrlor Airﬁ)i?i“?dd
Our conclusions concerning the time step error applf‘ alysis a ochaslics, wnhere thiS research was ated,

both to the transient and the steady state situations. Corré(-)r its hospitality during his stay in Berlin.

sponding analytical results for the steady state case, similar

to those out!ined in Sec. I, would be of much in_terest. TheAPPENDIX: COLLISIONLESS FLOW

problem of time step error seems to be closely linked to the

occurrence of recollisions. More detailed studies are neces- In this Appendix we derive expressions for hydrody-
sary to further clarify this connection. namic quantitievelocity, temperature, efcfor a bimodal

The authors wish to thank F. Alexander, B. Alder, G.

10 T T

Collisionless Limit (x= +L/2)

Collisionless Limit (x= -L/2)

FIG. 13. Estimated truncation error in the temperature
g at the wallsg5_ andE§, (<1 andl>), versus time step
for steady state heat flow. The solid line has sldjé
and the dashed lines are obtained from &g9).
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FIG. 14. Temperatur& versus position for transient heat flow, as measured in the reference simulatier/8)t,) and in the simulation with the largest
time step At=16ty). The left graph shows the entire temperature profile; the right graph shows the profile near thexwat lat2 with the solid lines being
the curve fits used to compuke_ .

distribution of half-Maxwellians in the absence of collisions. and denote
Specifically, the combined distribution is taken as

nf=n.f.+n-f, (A1) mi=f v fi(v) do, o?=f o —my2 fi(v) do,
R3 R3
wheren=n,+n_,

3 i=0,1,2.

B
f.=——H(FsignvX))exp— B2 (v%+(vY—u)?
T o (5 sigriv™)exp — A (v (v =) Using the obvious properties

+v?%)) (A2)

and B..=+m/2kT-. Note thatn_ is the number density of
particles moving in thet x-direction. The analysis here fol- and
lows that in Ref. 2, Ch. 7, with some minor generalizations.
The hydrodynamic variables are obtained by integration
of moments of the distributioriAl). We first state some (Ti2=f 3||UH2fi(U) do —[[my|1?,
useful general result. Consider arbitrary densities ®

fo(v)=cfi(v)+(1—c)fy(v), veRS® ce[0,1], one obtains

mpg=cm;+(1—c)m, (A3)

Collisionless Limit

FIG. 15. Estimated truncation error in the temperature
at the walls,E5_, versus time step for transient heat
flow. The solid line has slopat? and the dashed line is
obtained from Eq(4.12).
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Collisionless Limit

10 |

_1

107

FIG. 16. Estimated truncation error in the tagged par-
ticle flux at the walls,E{, versus time step for steady
state tagged particle diffusion. The solid line is given by
Eq. (3.16 and the dashed line by E¢4.13.

o= | ol fo(o) do—[imel?

=coi+c|my?+(1-c) o5+ (1—c) [my>~[Imgl
=coi+(1-c) o5+c(1—c)[my®+(1—c) cllm,[?
—2c(1-c)(mg,my),
so that
ob=coi+(1—c) os+c(1—c)[m—my? (A4)

follows.

From (A3) one obtains the components of tfieid ve-
locity, by symmetryu*=0v*=0 andu*=v?*=0, while u¥ [cf.
(4.7)] is just the density weighted average wf andu? .
The translationatemperatureis defined as

m [N
T= @(U)Q"'Uy2+U22_UX2_Uy2_UZZ)

and, according tdA4), takes the form(4.8) for the steady
state case an.11) for the transient case. Notice that the
temperature is increased by the relative velocity of the two
Maxwellian streams since the variance of the distribution
increases.

Next we consider the number, momentum and energy
fluxes. For simplicity we evaluate the one-sided flux for one
stream and compose the total flux at the last step of the
calculation. Thenumber fluxfor the particles moving in the
+x direction is[cf. (A2)]

* «© «© n_ n_c_
]:'HZJ deJ dvyJ dv?n_f_v*= = :
0 — o0 — o

B Nm 2

Collisionless Limit
10

oo
w

_1

107

FIG. 17. Estimated truncation error in the tagged par-
ticle flux at the centerE$, versus time step for steady
state tagged patrticle diffusion. The solid line is given by
Eq. (3.16 and the dashed line by E¢4.13.
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Note that[cf. (4.5)] 1/8.=\2kT./m=c./m/2. The net Xx=—L/2, the density approaching the wallng = (1/2)n,.
number flux is thus Since the total number flux at the wall must be zgA5)
— — givesn* =n*cy/c_ from which we obtain4.12.
n_c.—n,c,
fn:fn—»—’—fm—:f’ (AS)
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