A simple model for nonequilibrium fluctuations in a fluid
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In equilibrium systems, thermal fluctuations are correlated in time (fluctuation—dissipation theorem)
yet their instantaneous values are uncorrelated in space over macroscopic distances. Out of
equilibrium, long range spatial correlations are predicted by theory and have been observed in both
laboratory experiments and computer simulations. In this paper, we present a simple model, called
the train model, that illustrates this phenomenon. The theoretical analysis of the model and its
connection with fluctuating hydrodynamics are outlined. © 1996 American Association of Physics

Teachers.

L. INTRODUCTION

Equilibrium systems are usually considered to be homoge-
neous, yet at small scales spontaneous fluctuations are ob-
served. This phenomenon is seen daily in the Rayleigh scat-
tering that makes the sky blue.! The Brownian motion of
large particles suspended in a fluid (e.g., pollen in water) and
the thermal noise found in electrical circuits (Johnson effect)
are examples of fluctuation phenomena that are easily ob-
served in the laboratory. Perhaps more important than the
effects produced by fluctuations is their role in the theoretical
development of statistical physics. By using a probabilistic
formulation, the connection between mechanics and thermo-
dynamics was established by Gibbs, Boltzmann, Maxwell,
and Einstein. The utility of their approach was the prediction
of macroscopic quantities as the average (or most probable
value) of a distribution function. Yet the validation of the
construction of this distribution came from the prediction of
its variance i.e., the fluctuation spectrum. For this reason, the
theory of equlhbrlum ﬂuctuatlons occupies a chapter in most
statistical mechanics textbooks.”

The key to the formulation of the equilibrium probability
distribution is the existence of thermodynamic potentials, for
example the free energy for a closed, noninsulated system.
Consider the thermodynamic variable g; let g, be its mac-
roscopic value at equilibrium. The probability o }observmg a
fluctuation 6g=q—q.q is given by

P(&q)oce_AF(aq)/kBT, (1)

where AF is the change in the free energy resulting from the
fluctuations Jq. Macroscopic variations in the free energy
are much larger than k3T so P(J8q) is sharply peaked, giving
us the good fortune of living in a deterministic (if sometimes
chaotic) world. There are, however, some exceptions to this
rule which occur whenever the system is close to a ‘‘phase
coexistence’’ region. A well known visible example is pro-
vided through the phenomenon of ‘‘critical opalescence’’
that illustrates the coexistence of liquid droplets with the
vapor phase.3 Except for such pathological situations, one
can expand AF around its minimum. To dominant order in
6q,P(8q) reduces to a Gauss1an distribution from which the
average square fluctuation, (8g®), can easily be obtained.
One may define local values of thermodynamic variables
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by dividing the system into a set of coupled, equilibrium
subsystems. Instantaneous fluctuations are uncorrelated at
different points in space; that is

(8g(r,1)6q(r' )y S(r—1'), )

where r is the location of a subsystem. Note that fluctuations
are, in general, not &-correlated in time; if a point is sponta-
neously hot (or dense), it takes time for the heat (or matter)
to diffuse.

Let us now consider a system maintained out of equilib-
rium through appropriate external constraints. Some ex-
amples are a fluid under a constant temperature gradient,
under a constant shear, and in the presence of a constant
external force (see Fig. 1). Much work has been done on the
generahzatlon of thermodynamics to nonequilibrium sys-
tems.* Extending the equ111br1um theory of fluctuations to
nonequilibrium steady states is not simple because, unfortu-
nately, there seems to be no general way to formulate a
“‘thermodynamic potential’’ for nonequilibrium systems.’

Among the many techniques used in the study of nonequi-
librium fluctuations, two commonly used methods are: the
extension of macroscopic theories using the separation of
fast and slow scales and the construction of simple models
for specific problems. An example of the first approach is the
formulation of the fluctuating Navier—Stokes equations of
fluid mechanics. In a fluid, conserved quantities (mass, mo-
mentum, and energy) can only change locally by fluxing
from one location to another. These fluxes have a reversible
component (inertia and pressure contributions) and an irre-
versible component (dissipative contributions such as viscos-
ity and thermal conductivity). The reversible component is
microscopically exact but the irreversible part of the flux is
estimated as a linear response. For example, the heat flux, Q,
is given by the Fourier law, Q=—«VT, where « is the ther-
mal conductivity; Newton’s law gives a similar relationship
between velocity gradients and the dissipative (viscous)
component of the momentum flux.

Landau realized that spontaneous fluctuations in a fluid
add a stochastic contribution to the dissipative component of
the fluxes. For example, consider two adjacent points, A and
B, in a fluid, with temperatures T, and Tp. If T, =Ty then
the Fourier law tells us that no heat will flow from A to B.
While this is true macroscopically, a fluctuation can cause
heat to spontaneously flow from A to B, even if T, <Tp. To

© 1996 American Association of Physics Teachers 1488






