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Quantum wave turbulence
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The nonlinear quantum kinetic equation for the interaction of sound waves is solved via analytic and
numerical techniques. In the classical regime energy cascades to higher frequency (w) according to the

steady-state power law o 372

In the quantum limit, the system prefers a reverse cascade of energy

which follows the power law © ®. Above a critical flux, a new type of spectrum appears which is neither
self-similar nor close to equilibrium. This state of nonlinear quantum wave turbulence represents a flow
of energy directly from the classical source to the quantum degrees of freedom.

PACS number(s): 47.25.—c, 03.40.Kf, 03.65.—w

The anharmonic terms in the Hamiltonian for fluid
mechanics account for the scattering of one sound wave
by another. In the classical limit this nonlinear effect is
referred to as the wave-wave interaction [1], and in the
quantum limit is referred to as the phonon-phonon in-
teraction [2]. For fluids [3] and more complex systems [4]
the quantum and classical regimes can be bridged by a
single kinetic equation, which describes the nonlinear
time development of the spectral intensity with effects
due to scattering of acoustic energy by the zero-point
motion [5].

We used this kinetic equation to study the fate of
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FIG. 1. Time evolution of the classical wave turbulent spec-
trum from an initial Rayleigh-Jeans distribution with 7'=2000
to a steady-state spectral density that follows a —% power law.
An energy flux of 10?* is injected over a Gaussian distribution of
modes centered around @ =3 and removed over a distribution of
modes greater than 300.

acoustic energy injected into a fluid so as to drive it far
off equilibrium. In the classical region of wave-number
space, energy cascades from low to high frequency to
generate a steady-state power-law distribution (see Fig. 1)
[6] analogous to the Kolmogorov spectrum [7] of vortex
turbulence. Classical wave turbulence accounts for the
spectrum of wind-driven surface waves in the ocean [8]
and Alfvén waves driven by the solar wind [9]. In the
quantum region there is a reverse cascade of energy from
high to low frequency. The steady state of quantum wave
turbulence is also characterized by a power-law depen-
dence for the spectral intensity (see Fig. 2). We believe
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FIG. 2. Time evolution of the quantum wave turbulent spec-
trum from an initial Planck distribution with T=1.5 to a
steady-state spectral density that follows a —6 power law. An
energy flux of 1000 is injected over a Gaussian distribution of
modes centered around @ =2800 and removed over a Gaussian
distribution of modes centered at w=10.
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that this reverse quantum cascade underlies the measured
high-frequency phonon-redistribution processes [10,11].
When the input of low-frequency energy exceeds a criti-
cal value, it is possible to realize a cascade where energy
is mechanically transported directly from the classical to
the quantum domain (see Fig. 3).
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where o(w)=Vw?/27%3 is the density of states, V is the

To study quantum wave turbulence we consider the
mutual interactions of a ‘“‘sea” of dispersionless waves.
The lack of dispersion for acoustic waves implies that
wave action I changes as a result of nonlinear three-wave
resonant interactions described by the kinetic equation
[2,3,5]
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container volume, p is the density, G=1+(p/c)dc /dp is
the Gruneisen coefficient which determines the coupling
between modes, 7 is Planck’s constant, ¢ is the speed of
sound, and w; is the frequency of the mode with wave
number k. In parallel with Boltzmann’s equation, a
discretization of Eq. (1) requires that higher-order corre-
lations be neglected [1,12] (Stosszahl ansatz). The energy
per unit volume per unit frequency interval (i.e., spectral
intensity) is e (0)=I(w)wo(w)/V.

The equilibrium solution to (1) is the Planck spectrum
I(w)=*%/[exp{fiw/kgT}—1], where kg is Boltzmann’s
constant and 7 is the temperature. For small 4%,
e(w)—kgTw?/27%c3, which is equipartition of energy.
For fiw/kg T >>1, I —>#iexp(—fiw/ky T), which is Wien’s
law.

The analytic solutions for wave turbulence follow from
the conservation of wave energy with respect to its flow
in phase space [6],
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FIG. 3. Forward cascade of energy from the classical regime
to the quantum regime for ¢ >¢g.. An energy flux equals 107 is
input over a Gaussian distribution of modes centered at =3
and removed over modes greater than ©»=300. The spectrum
follows a —% power law which then turns down with a slope

steeper than Wien’s law so as to meet the initial Planck distribu-
tion with T"=35.
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where g(w) is the energy throughput (erg/cm® sec). In
the steady state g =gq, is a constant; thus (2) yields
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where dI(w, ) /9t refers to the right-hand side of (1). The
classical limit of (3) involves the quadratic terms in [/
which balance when I is proportional to o °/2. The
strong quantum limit of (3) involves the linear terms in (1)
which balance for I proportional to @ °. Substituting
these forms for the solution into (3) recovers the known

steady-state spectrum for classical wave turbulence [6],
B A (pCZqO )1/2
VrlGlo®?

as well as the quantum power spectrum of off-equilibrium
noise,
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In (4) the constant 4 ~1/(52.42)"/2~0.138' and in (5)
the constant a,=1800/37. These solutions apply when
e(w) is large compared with its equilibrium value.

We now turn to the numerical solution of Eq. (1).
These solutions (i) verify the validity of the steady-state
cascades (4) and (5), (ii) elucidate the temporal develop-
ment of the classical and quantum off-equilibrium spec-
tra, and (iii) determine the spectrum of wave turbulence
at the interface of classical and quantum mechanics. Nu-
merical solutions of the strictly classical kinetic equation
verified the exponent in the steady-state spectrum [14,15].

The nonlinear coupling of the classical and quantum
domains [case iii] are appreciated by comparing Eq. (4)
and the Planck spectrum. If the low-frequency input flux
(gq) is larger than a critical flux g, the distribution (4)
goes over the top of the spectrum where the equilibrium
energy is a maximum ( and w=w,=2.88kyzT /#). The
critical flux g at which (4) is tangent to the Planck spec-
trum is

(3}
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where A, is a constant. For this parameter range the
motion is quantum and nonlinear. Except for a different
proportionality constant, these considerations also apply
to the reverse flux spectrum.

The continuous kinetic equation was discretized by
solving for the action at N uniformly spaced frequencies,
with grid spacing A, and by using a trapezoidal rule to
evaluate the integrals in (1). A merit of this method is
that the equilibrium solution of (7) is the Planck spec-
trum. A source for injecting energy and a sink for re-
moving energy were added to (1) to yield
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In deriving (7) we introduced the dimensionless time (7),

temperature T, flux (g), action (I'), and spectral density

(2):
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where the characteristic action J is k3 T /NA in the clas-
sical limit (T/N>1) and J=# in the quantum limit
T /N <<1 [in (7) we have displayed the case J=#]. The
mode numbers for the source and sink are k, and k,, and
®=w/A. In discretizing (1), w; is replaced by Aj and
Ij=1I(jA). In (7) and in what follows and in the figures
the bars were dropped.

Expression (7) was implemented on an Alliant FX-80
computer and solved for N =1000. The Planck distribu-
tion is the initial condition. The initial bath temperature
T was controlled to access the classical, strong quantum,
and nonlinear quantum regimes. Here, the classical re-
gion is where in equilibrium all 1000 modes follow a
Rayleigh-Jeans type of distribution; in the strong quan-
tum regime most of the 1000 modes follow Wien’s law in
equilibrium; in the nonlinear quantum regime a Planck
distribution must be used.

Figure 1 depicts the time evolution of the classical
spectrum from an initial Rayleigh-Jeans distribution with
T=2000 to a steady-state (1 =107 12) spectral energy dis-
tribution following a —3 power law in the nonlinear cas-
cade regime between =10 and 100. A flux of 10** was
supplied over a Gaussian distribution of modes centered
at =3 and subsequently removed over modes greater
than 300 so as to preserve the initial temperature of the
Rayleigh-Jeans distribution at high frequencies. The —3
power law is achieved to three digits accuracy, and the
Kolmogorov constant for acoustic turbulence 4 =0.15.
This value approaches the analytic value of A4 given in (4)
as T increases. Steady states characterized by a reverse
flux of energy can also be achieved in the classical regime,
but these fluxes are down by at least a factor of 10”.

As an example of recovering the physical variables
take p=1.0 g/cm? ¢=10* cm/sec, and A=10° Hz so
that 7T=20 mK. Then a dimensionless time of order
10~ '3 corresponds to a real time of 10* s and flux of order
10%* corresponds to a Mach number of order 107%. For a
real system N can be much larger, but we claim that the
qualitative insights obtained with N =1000 will remain
valid.

The time evolution of the quantum spectrum from an
initial Planck distribution with T=1.5 to a steady-state
(t=1073) spectral energy distribution following a steep
— 6 power of the frequency between @ =700 and 40 (iner-
tial range) is shown in Fig. 2. Unlike the classical case, a
reverse cascade of energy is preferred. This is consistent
with observations of spontaneous decay of high-
frequency phonons [10,11,13]. The numerically computed
constant is the same as @ in expression (5) to three digits.

In the nonlinear quantum regime (g = gq.) neither the
linear nor quadratic terms can be neglected; the spectrum
is neither self-similar nor close to equilibrium. Thus our
only means of investigating the response in this region is
numerical.

Consider the case where energy is injected at small
o and removed at ®,. As ¢ increases, the value
g=gq,~60T° is eventually reached. At this value the
off-equilibrium spectrum follows the —3 power law at
low w and then turns up to become tangent to the Planck
spectral peak as shown in Fig. 4, plot 4 (for this plot
g=6X10"Y=g, and T=100). Note, that even if energy
were removed at frequencies higher than w,, the steady-
state spectrum would have the same form provided
q =g.. Also shown in Fig. 4 (plot B) is the case where
g=5X10%>gq,; the spectrum follows a —2 power law
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FIG. 4. Forward cascade of energy from the classical regime
to nonlinear quantum regime for g ~¢, and ¢ >¢.. In plot 4,
g=6X10"=gq_; in plot B, g=5X10*>g.. In both 4 and B an
energy flux is input over a Gaussian distribution of modes cen-
tered at @«=4 and removed over modes greater than w,=280.
Both curves follow a -% power law before meeting the initial
Planck spectrum with 77=100.
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and then curves down to meet the Planck spectrum at w,.
Above the critical flux the steady-state spectral density
is dramatically altered when the sink(s) are situated above
@,. As shown in Fig. 3, the classical cascade carries past
the Planck maximum and then turns down with a slope
steeper than Wien’s law to meet the Planck spectrum in
the quantum domain. We have found that the structure
of this distribution is robust in regards to the location of
the source and sink, provided that the source is in the
classical region and the sink is in the quantum region.
The structure of the distribution also remains robust
when changing the number of modes from 500 to 2000.
The physics of far off-equilibrium waves (e.g., phonons)
differs from the physics of vortex turbulence in that there
exits a closed kinetic (Boltzmann type) equation for the
time development of the spectral density [6], which fur-
thermore spans both classical and quantum mechanics.
In the purely classical domain energy cascades to higher
frequency and in the purely quantum domain, there is a
reverse cascade of energy to lower frequency. In these
cases the steady-state spectra can be evaluated by analyt-
ic as well as computational means. In view of the under-
lying kinetic equation, the “Kolmogorov’ constants can
be evaluated and the approach to the wave turbulent
steady state can be simulated (these aspects of the motion
cannot be obtained for vortex turbulence). Simulations

have revealed a new (off-equilibrium) nonlinear steady-
state spectrum that sits at the interface of classical and
quantum mechanics. This state (e.g., Fig. 3) is realized
when the input of energy to the low-frequency (i.e., classi-
cal) modes is sufficiently high. For instance, we predict
that at 1.0 K, energy input at 10 kHz to a high-Q solid
(with say ¢ =10° cm/s and p=>5 g/cm?) will cascade due
to mechanical nonlinearities into the quantum domain if
the degree of excitation creates a Mach number M
greater than 107° [note that energy density equals
pc M= fe(a))da); Q stands for “quality factor”]. These
quantoclassical turbulent states are described by a new
power spectrum for which the analytic theory is yet to be
derived. Nevertheless, we predict the possibility of the
experimental observation of this new off-equilibrium
state.
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