Homework 6 (Due Thursday, February 16th)

1. Consider two systems, A and B, with statesng =1,..., T4 andng =1,...,'p.

(a) We define the entropy of system A as

SA = —]fZ'PA(nA)hl'PA(TLA)

na
and similarly for system B. Show that if we consider the combined system, A and B together, with the
assumption that the interaction between the systems A and B is negligible, that entropy is extensive.
Specifically, show that by assuming that Pap(na,np) = Pa(na)Pp(np) we find that Syp = Sa + Sp.

(b) Suppose that we defined the entropy of system A in a more general form as,
Sa=—kY Pa(na)f(Pa(na))
na

and similarly for system B. Show that the requirement that entropy is extensive means that f(z) = Inz.

Again, assume that the interaction between the systems is negligible.

2. (a) Use the derivation in Appendix C of Pathria and Beale replacing equation (C.4) by the integral,
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and show that,

where the integrals are constrained to the region of space such that
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(b) Use this result to formulate the entropy, S(U, V, N), for an extremely relativistic ideal gas using
the micro-canonical ensemble. Specifically, assume that the gas has N particles and the energy of each
particle is € = pc where c is the speed of light. There is no interaction energy between the particles. You
may assume that the number of states with energy E = U is approximately the same as the number
with £ < U.

(c) Show that in an adiabatic process for this gas PV is constant with v = 4/3.



Solutions
1. (a) From the definition of entropy and the assumption of independent probabilities for states in the

two systems (i.e., Pap(na,ng) = Pa(na)Ps(ng)),

Sap = —k»_ > Pap(na,np)In(Pap(na,np))
= —k <ZPB(nB ) (Z Pa(na)In(Pa(na) ) —k <Z7>A na ) (Z PB(nB)ln(PB(nB))>

but > P =1 (normalization of probabilities when summed over all states) so

Sap = —kY_ Pana)n(Pa(na)) — kY _ Ps(np)n(Ps(ng))
= SA+ASB ’

(b) Following the same steps as in part (a),

Sap = sz ZPAB(TIA,nB)f(PAB(nA,nB))

naA nB

—k Z Z Pa(na)Ps(ng)f(Pa(na)Ps(ngp))

naA np

Working from the other side,
Sa+Sgp = _kZPA nA PA nA kZPB nB PB nB))

- kaZPA na)Ps( nB)f(PA(nA - kZZPA(nA)PB(nB)f(PB(nB))

= —kz ZPA(nA)PB(TLB)[f(PA(nA)) + f(Pe(ng))]

Thus the condition that Syp = S4 + Sp means that f(Pa(na)Pp(ng)) = f(Pa(na)) + f(Ps(ng)),
which is the definition of logarithm.

2. (a) We write V3n(R) = AR3N and dV3y = A(BNR3N~1)dR. To make use of the given identity we

use the integral,
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From the definition of Van(R) the integral on the left may rewritten as,
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Matching the expressions in (*) and (**) above we get A = (87)" /(3N)!, which gives the desired result
for Van.

(b) The volume of phase space that we want is such that £ < U where

N
FE = Z cp;
i=1

Because the energy does not depend on position the integral over the ¢’s gives V¥, as with the standard
ideal gas. The volume integral over momenta, with the constraint, is
(87U3 (87U=/c?)™ 3N al
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so the entropy is

3/.3\N
S(U,V.N) = kn (U, V, N) = kln (Vzv(wm

N ) ) =EkNIn(VU?) + f(N)

where f(NV) is only a function of the number of particles.

(c) The equation of state is the same as for the standard ideal gas since,

P_(95) _kN
T \oV)yn V

so PV = NKT. For the temperature we find,

1 (oS s
T \oU),y U
so U = 3NkKT = 3PV. From this we have that VU? = 27P3V*; from the expression for S(U,V, N)

it’s clear that entropy is constant if P3V* is constant. Thus for an adiabatic process PV7 is constant

where v = 4/3 for the extremely relativistic gas.



